For any graph F and any integer r ≥ 2, the online vertex-Ramsey density of F and r, denoted m * (F, r), is a parameter defined via a deterministic two-player Ramsey-type game (Painter vs. Builder). This parameter was introduced in a recent paper [4] , where it was shown that the online vertex-Ramsey density determines the threshold of a similar probabilistic one-player game (Painter vs. the binomial random graph G n,p ). For a large class of graphs F , including cliques, cycles, complete bipartite graphs, hypercubes, wheels, and stars of arbitrary size, a simple greedy strategy is optimal for Painter and closed formulas for m * (F, r) are known.
A deterministic two-player game. Consider the following deterministic two-player game: The two players are called Builder and Painter, and the board is a vertex-colored graph that grows in each step of the game. Painter wants to avoid creating a monochromatic copy of some fixed graph F , and her opponent Builder wants to force her to create such a monochromatic copy. The game starts with an empty board, i.e., no vertices are present at the beginning of the game. In each step, Builder presents a new vertex and a number of edges leading from previous vertices to this new vertex. Painter has to color the new vertex immediately and irrevocably with one of r available colors, and she loses as soon as she creates a monochromatic copy of F . So far this game would be rather trivial; however, we additionally impose the restriction on Builder that, for some fixed real number d known to both players, the evolving board B satisfies m(B) := max H⊆B
e(H) v(H)
≤ d at all times, where e(H) and v(H) denote the number of edges and vertices of H, respectively. We will refer to this game as the F -avoidance game with r colors and density restriction d.
We say that Builder has a winning strategy in this game (for a fixed graph F , a fixed number of colors r, and a fixed density restriction d) if he can force Painter to create a monochromatic copy of F within a finite number of steps. For any graph F and any integer r ≥ 2 we define the online vertex-Ramsey density m * (F, r) as
Builder has a winning strategy in the F -avoidance game with r colors and density restriction d .
The parameter m * (F, r) was introduced in [4] , where we established a general correspondence between the deterministic two-player game we just introduced and a similar probabilistic one-player game. (We will explain this correspondence below.) In [4] we also proved the following result.
Theorem 1.1 ([4])
For any graph F with at least one edge and any integer r ≥ 2, the online vertex-Ramsey density m * (F, r) is a computable rational number, and the infimum in (1) is attained as a minimum.
To put Theorem 1.1 into perspective, we mention that none of its three statements (computable, rational, infimum attained as minimum) is known to hold for the offline counterpart of m * (F, r), i.e., for the vertex-Ramsey density
every r-coloring of the vertices of G contains a monochromatic copy of F introduced in [1] . In fact, even the value of m o (P 3 , 2) is unknown -the authors of [1] offer 400,000 z loty (Polish currency in 1993) for its exact determination (here P 3 denotes the path on three vertices). The algorithm presented in [4] to compute m * (F, r) for general F and r is rather complex and gives no hint as to how the quantity m * (F, r) behaves for natural graph families. However, for a large class of graphs F , a simple closed formula for the parameter m * (F, r) follows from the results in [3] . This class includes cliques K , cycles C , complete bipartite graphs K s,t , d-dimensional hypercubes Q d , wheels W with spokes, and stars S with rays. In all those cases, the online vertex-Ramsey density is given by m
The reason why the parameter m * (F, r) has such a simple form in these cases is that for those graphs F the following simple strategy is optimal for Painter: Assuming the colors are numbered from 1, . . . , r, the greedy strategy in each step uses the highest-numbered color i that does not complete a monochromatic copy of F (or color 1 if no such color exists).
In this work we show that the situation is much more complicated in the innocent-looking case where F = P is a path on vertices. Before presenting our results for this path-avoidance vertex-coloring game, we explain the background that led to the questions studied in this work.
Background: a probabilistic one-player game. The main motivation for studying the deterministic two-player game discussed above comes from the theory of random graphs. More specifically, following work of Luczak, Ruciński, and Voigt [2] on vertex-Ramsey properties of random graphs, the following one-player game was studied in [3] : As usual, we denote by G n,p the random graph on n vertices obtained by including each of the n 2 possible edges with probability p = p(n) independently. The vertices of an initially hidden instance of G n,p are revealed one by one, and at each step of the game only the edges induced by the vertices revealed so far are visible. As in the deterministic game introduced above, the player Painter immediately and irrevocably assigns one of r available colors to each vertex as soon as it is revealed, with the goal of avoiding monochromatic copies of a fixed graph F . We refer to this game as the probabilistic F -avoidance game with r colors.
It follows from standard arguments that this game has a threshold p 0 (F, r, n) in the following sense: For any function p(n) = o(p 0 ) there is an online strategy that a.a.s. colors the vertices of G n,p with r colors without creating a monochromatic copy of F , and for any function p(n) = ω(p 0 ) any online strategy will a.a.s. fail to do so. (Here a.a.s. stands for 'asymptotically almost surely', i.e., with probability tending to 1 as n tends to infinity.) In a recent paper [4] we extended the results of [3] on this probabilistic game and established the following general threshold result.
Theorem 1.2 ([4])
where m * (F, r) is defined in (1). Theorem 1.2 reduces the problem of determining the threshold of the probabilistic F -avoidance game to the purely deterministic combinatorial problem of computing m * (F, r). Moreover, we can bound the threshold of the probabilistic game by deriving bounds on m * (F, r), which in turn can be done by designing and analyzing appropriate Painter and Builder strategies for the deterministic F -avoidance game.
Our results. As we have seen before, for most natural families of graphs F , the greedy strategy is optimal for Painter, and simple closed formulas for the online vertex-Ramsey density m * (F, r) are known (recall (2)). In this work we show that the picture is very different in the case where F = P is a path on vertices. As it turns out, for this family of graphs the greedy strategy fails quite badly and the parameter m * (P , r) exhibits a much more complex behaviour than one might expect in view of the examples mentioned above.
We first introduce a more convenient way to express m * (F, r) for the case where F is an arbitrary forest. Note that a density restriction of the form d = (k − 1)/k for some integer k ≥ 2 is equivalent to requiring that Builder creates no cycles and no components (=trees) with more than k vertices. We call this game the F -avoidance game with r colors and tree size restriction k. We define k * (F, r) as the smallest integer k such that Builder has a winning strategy in this game. Clearly, for any forest F we have
We can therefore focus on the parameter k * (F, r) for our considerations. It is not hard to see that for any tree F , the greedy strategy guarantees a lower bound of k * (F, r) ≥ v(F ) r (this also follows from the results in [3] ). For the rest of this section we focus on the case where F = P and r = 2 colors are available. As it turns out, the family of all 'reasonable' Painter strategies in the P -avoidance game with 2 colors is in one-to-one correspondence with monotone walks from (1, 1) to ( , ) in the integer lattice Z 2 . Such a walk is interpreted as follows: If the walk goes from (x, y) to (x + 1, y), Painter will use color 1 when faced with the decision of either creating a P x in color 1 or a P y in color 2. Conversely, a step from (x, y) to (x, y + 1) indicates that Painter uses color 2 in the same situation. (The greedy strategy corresponds to the walk that goes from (1, 1) first to (1, ) and then to ( , ).) Note that there are (1)) such walks, and thus the same number of 'candidate strategies' for Painter.
For any fixed such walk, we can compute the smallest tree size restriction that allows Builder to enforce a monochromatic copy of P against this particular Painter strategy by a recursive computation along the walk. This recursion involves only integers and no complicated tree structures. We can then compute the parameter k * (P , 2) by performing this recursive computation for all (exponentially many) walks of the described form, and taking the maximum. With these insights in hand, understanding the path-avoidance vertex-coloring game reduces to the algebraic problem of understanding this recursion along lattice walks. Table 1 shows the exact values of k * (P , 2) for ≤ 45. These were determined with the help of a computer, using various branch-and-bound heuristics to shortcut the exhaustive search over all 4 (1+o (1)) lattice walks. The bottom row shows the difference k * (P , 2) − 2 , i.e., by how much optimal Painter strategies can improve on the greedy lower bound v(P ) 2 = 2 . In stark contrast to the formulas in (2) , the values in Table 1 (and the corresponding maximizing lattice walks, i.e., optimal Painter strategies) exhibit a rather irregular behaviour and seem to follow no discernible pattern. In particular, they raise the question whether and by how much optimal Painter strategies can improve on the greedy lower bound asymptotically as → ∞. Our main result shows that there exist Painter strategies that improve on the greedy lower bound by a factor polynomial in , and that no superpolynomial improvement is possible.
We prove the bounds in Theorem 1.3 by analyzing a more general asymmetric version of the path-avoidance game, where Painter's goal is to avoid a path on vertices in color 1, and a path on c vertices in color 2. We denote by k * (P , P c ) the smallest integer k for which Builder has a winning strategy in this asymmetric (P , P c )-avoidance game with tree size restriction k.
Our results for this asymmetric version of the game are summarized in the next theorem. It shows that for any fixed value of c, the parameter k * (P , P c ) grows linearly with , and it quantifies the leading constants for small and (asymptotically) large values of c. The lattice walk yielding the lower bound stated in Theorem 1.3 has an interesting self-similar structure: it is obtained by nesting a large number of copies of a nearly-optimal walk for the asymmetric (P , P 4 )-avoidance game at different scales into each other.
